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Abstract
In this paper we consider the concept of the average connectivity of a digraph D de.ned
to be the average, over all ordered pairs (u; v) of vertices of D, of the maximum number of
internally disjoint directed u–v paths. We determine sharp bounds on the average connectivity
of orientations of graphs in terms of the number of vertices and edges and for tournaments and
orientations of trees in terms of their orders. An e2cient procedure for .nding the maximum
average connectivity among all orientations of a tree is described and it is shown that this
maximum is always greater than 29 and at most
1
2 .
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1. Introduction
Average parameters have been found to be more useful in some circumstances than
the corresponding worst case situations. For example, the average distance between
vertices in a graph was introduced as a tool in architecture and later turned out to be
more valuable than the diameter when analyzing transportation networks. (For an ex-
cellent survey on this topic see [7].) The concepts of average connectivity and average
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edge-connectivity in a graph have been studied in [2,4,5]. These measures give more
accurate pictures of the reliability of a graph than do the conventional connectivity and
edge-connectivity. Moreover, they have the advantage that they can be computed e2-
ciently unlike other measures such as the toughness and integrity, which are NP-hard.
In this paper we consider the concept of the ‘average connectivity’ of a digraph.
Let D = (V; E) be a digraph with vertex set V , arc set E, order p = |V | and size
q= |E|. If v∈V , then odDv or od v denotes the out-degree of v and idDv or id v denotes
the in-degree of v. Let u and v be two vertices of D. The connectivity 	(u; v) from u to
v is the maximum number of internally disjoint directed u–v paths in D. The average
connectivity K	(D) of D is the average connectivity from u to v over all ordered pairs
(u; v) of vertices of D. The connectivity of u is de.ned by 	(u) =
∑
v∈V 	(u; v), and
the total connectivity of D is de.ned by K(D) =
∑
u∈V 	(u). Thus,
K	(D) =
1
p(p− 1)

 ∑
(u;v)∈V×V
	(u; v)

= K(D)
p(p− 1) :
Graph theory terminology not de.ned here can be found in [3]. As is the case
with the average connectivity and average edge-connectivity of a graph, the average
connectivity of a digraph can be computed in polynomial time using network Low
techniques.
We say that an (asymmetric) digraph D is an orientation of a graph G if D is
obtained from G by assigning directions to its edges. Suppose G is a given graph and
that directions are assigned to its edges to produce a directed graph D. In Section 2
we obtain some sharp bounds for K	(D) in terms of the number of vertices and edges
of G. These bounds are improved for tournaments.
Let K	max(G) be the maximum average connectivity among all orientations of G. In
Section 3 we show that the problem of .nding K	max(T ), for a tree T , reduces to .nding
the maximum average connectivity among special types of orientations of the tree. In
Section 4 we establish sharp upper and lower bounds on K	max(T ) for a tree T .
The problem of .nding K	max(G) has potential application to network designs. For if
we are to convert an undirected network G into a directed network D we may wish
to do this in such a manner that, for a randomly chosen pair of nodes u and v in D,
the expected connectivity from u to v is as large as possible.
2. Bounds on the average connectivity of tournaments and orientations of graphs
In this section we establish some elementary bounds on the average connectivity of
orientations of graphs and improve these bounds for tournaments.
Lemma 1. If D is an oriented graph of order p and size q, then
q
p(p− 1)6 K	(D)6
q
p
:
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The lower bound holds if and only if D is an orientation of a bipartite graph with
no (directed) paths of length 2.
Proof. Let D be an orientation of a graph G. Then
K(D) =
∑
v∈V
	(v)¿
∑
v∈V
od v= q;
and so K	(D)¿ q=p(p− 1). This establishes the lower bound.
If D is an orientation of a bipartite graph such that every directed path has length
1, then there is a path from a vertex u to a vertex v in D if and only if (u; v) is an
arc of D. Note if G is bipartite and D is obtained by directing all edges from one
partite set to the other, then every path of D has length 1. Hence, equality holds in
this case. Conversely, if G contains an odd cycle, then every orientation of this cycle
has at least one directed path of length 2. So K(D)¿q. Hence G is bipartite and D
does not contain a path of length 2.
To establish the upper bound note that 	(u; v)6min{odDu; idDv}6 odDu and 	(v; u)
6min{idDu; odDv}6 idDu. So 	(u; v) + 	(v; u)6 odDu + idDu = degGu. Similarly
	(u; v) + 	(v; u)6 degGv. Hence, 	(u; v) + 	(v; u)6 (degGu+ degGv)=2. Thus
K(D)6
p− 1
2
∑
v∈V (G)
degGv= (p− 1)q:
Therefore, K	(D)6 q=p.
The next result improves these bounds for tournaments and shows that the upper
bound of Lemma 1 is sharp.
Theorem 2. If T is a tournament of order p, then
p+ 1
6
6 K	(T )6


p− 1
2
for p odd
2p2 − 5p+ 4
4(p− 1) for p even:
Moreover, these bounds are sharp.
Proof. We .rst establish the lower bound and its sharpness in the next two lemmas.
Lemma 3. Let T be an orientation of Kp; p¿ 2, such that K	(T ) is as small as
possible. Then T contains a vertex with out-degree 0.
Proof. Let v be a vertex with minimum out-degree r and let S and KS be the set of
vertices adjacent from and to v, respectively. Suppose r ¿ 0. Let T ′ be obtained by
reversing every arc of the type (v; u), where u∈ S.
We now show, as we change from T to T ′, that (i) the sum of the connectivities
of the vertices of KS decreases by at least (r2 + r)=2 and (ii) the decrease in the
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connectivity of v is at least the increase in the sum of the connectivities of the vertices
of S.
Let x∈ KS and y∈V (T ) − {x}. Suppose .rst that y = v. Consider a maximum
number of internally disjoint x–y paths in T . If none of these paths contain v, then
	T (x; y) = 	T ′(x; y). If one of these paths contains v, then 	T (x; y) = 	T ′(x; y) + 1.
In particular, for every y∈ S; 	T (x; y) = 	T ′(x; y) + 1. Suppose now that y = v. If
x is adjacent to s vertices of S, then T ′ has at most s paths from x to v that were
not x–v paths in T . Since v is a vertex of minimum out-degree in T , the sum of
the out-degrees of the vertices in S is at least r2. As the sum of the out-degrees
of the vertices in S is exactly
( r
2
)
in the subgraph induced by S in T , it follows
that there are at least r2 − ( r2) = (r2 + r)=2 arcs of T oriented from vertices of S
to vertices of KS. So at most r(p − r − 1) − (r2 + r)=2 arcs are directed from KS to
S. Hence the sum of the connectivities of the vertices of KS decreases by at least
r(p − r − 1) − [r(p − r − 1) − (r2 + r)=2] = (r2 + r)=2 as we change from T to T ′.
This establishes (i).
To prove (ii), let x∈ S and y∈V (T ′) − {x}. If y = v, then there is no x–y path
in T ′ containing v and so 	T ′(x; y)6 	T (x; y). Suppose now that y = v. Consider a
collection C of a maximum number of internally disjoint x–v paths in T ′. We may
assume that the paths in C have shortest possible length. If x; w; : : : ; v is a path in C of
length exceeding 2, then we can replace this path by x; w; v, contradicting our choice
of C. Hence, each path in C, diOerent from the path x; v of length 1, has length 2.
Suppose x; z; v is a path in C. If z ∈ KS, then x; z; v is also a path in T . On the other
hand if z ∈ S, then the path x; z; v did not exist in T . However, v; x; z is a v–z path in
T that is not in T ′. Hence, for each path of length 2 in T ′, from a vertex of S to v
whose internal vertex is in S, there corresponds a unique path of length 2 in T from
v to a vertex of S whose internal vertex is in S. It follows that the decrease in the
connectivity of v is at least the increase in the sum of the connectivities of the vertices
of S as we change from T to T ′. This establishes (ii).
Thus the total connectivity of T ′ is at least (r2 + r)=2¿ 0 less than the total con-
nectivity of T . Hence K	(T ′)¡ K	(T ), contrary to our choice of T . Therefore v has
out-degree 0.
Lemma 4. If T is a tournament of order p¿ 2, then K	(T )= (p+1)=6, with equality
if and only if T is transitive.
Proof. It can be shown in a straightforward manner that the average connectivity of
the transitive tournament of order p is (p+1)=6. Using Lemma 3 and induction it can
readily be shown that a tournament of smallest average connectivity is transitive. The
result now follows.
This establishes the lower bound of the theorem and its sharpness. Next we turn to
the upper bound and its sharpness.
The upper bound for odd p follows immediately from Lemma 1.
For even p, let T be an orientation of Kp and u a vertex of T . Then either
odT u6 (p − 2)=2 or odT u¿p=2 and idT u6 (p − 2)=2. Suppose u and v are two
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vertices of T such that odT u6 (p − 2)=2 and odT v6 (p − 2)=2. Then 	(u; v)6min
{odT u; idT v}6 odT u and 	(v; u)6min{idT u; odT v}6 odT v. Thus, 	(u; v) + 	(v; u)6
odT u + odT v6p − 2. Similarly, if idT u6 (p − 2)=2 and idT v6 (p − 2)=2, then
	(u; v) + 	(v; u)6p− 2. Suppose now that there are k vertices of T with out-degree
at most (p − 2)=2. Then there are p − k vertices of D with out-degree at least p=2
and in-degree at most (p− 2)=2. It follows that
K(T )6
(
k
2
)
(p− 2) +
(
p− k
2
)
(p− 2) + k(p− k)(p− 1):
The expression on the right is maximized when k = p=2. Thus, for even p,
K	(T )6 (2p2 − 5p+ 4)=4(p− 1):
We observe next that the upper bound of our theorem is sharp.
Suppose .rst that p = 2n + 1 for some n¿ 1. Let V (Kp) = {v1; v2; : : : ; vp} and let
R=R2n+1(1; 2; : : : ; n) be the rotational tournament, i.e., the orientation of Kp obtained by
orienting, for every i, 16 i6p, and every j, 16 j6 (p− 1)=2, the edges vivi+j and
vivi−j as (vi; vi+j) and (vi−j; vi), respectively, where subscripts are expressed modulo
p. Then it is not di2cult to see that K	(R) = (p− 1)=2.
Suppose now that p = 2n for some n¿ 1. Let Q be the tournament of order p
obtained from R2n+1(1; 2; : : : ; n) by deleting one vertex. Then it is easy to see that
	(u; v) =
{
n if od u= id v= n
n− 1 otherwise:
Hence
K	(Q) =
2p2 − 5p+ 4
4(p− 1) :
This completes the proof of the theorem.
Corollary 5. If G is a graph of order p, then
K	max(G)6


p− 1
2
for p odd
2p2 − 5p+ 4
4(p− 1) for p even:
Proof. If H is a spanning subgraph of G, then K	(H)6 K	(G). The result now follows
from Theorem 2.
3. Optimal orientations for trees
In this section we show that if T is a tree and D is an orientation of T such that
K	max(T ) = K	(D), then D has a special type of structure. We begin by de.ning a few
useful terms.
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Let D be a digraph. A vertex v of D is said to be reachable from a vertex u
of D if there is a directed u–v path in D. Let v be a vertex of a tree T and let
T= {T1; T2; : : : ; Td} be the collection of components of T − v, where d= degT v. The
branches of T at v are the subgraphs of T induced by the vertices in V (Ti) ∪ {v} for
16 i6d. Let (UL; UR) be an ordered partition of T. If u is a vertex in a tree that
belongs to UL(UR), then we will simply say u is a vertex of UL(UR, respectively). An
orientation D of T is a one-directional orientation of T with respect to the ordered
partition (UL; UR) of T if v is reachable, in D, from every vertex u in UL and if every
vertex u in UR is reachable in D from v. An orientation D of T is a one-directional
orientation of T at a vertex v if D is a one-directional orientation of T with respect
to some ordered partition (UL; UR) of the components of T − v. Let p(UL); (p(UR))
denote the number of vertices in UL(UR, respectively). Then the excess of the partition
(UL; UR) is de.ned to be |p(UL)−p(UR)|. A partition for which the excess is minimized
is called a balanced partition of T at v and its excess is called the excess of v and is
denoted by ex(v). A one-directional orientation of T with respect to a balanced partition
of T at v is called a balanced one-directional orientation of T at v.
A vertex v in a tree T of order p is called a centroid vertex if every component of
T − v has at most p=2 vertices. It is not di2cult to see that every tree has exactly one
centroid vertex or a pair of adjacent centroid vertices. The latter occurs if and only
if T has an edge uv such that the two components of T − uv have exactly the same
order and u and v are the two centroid vertices. The centroid of a tree is the subgraph
induced by the centroid vertices and coincides with the median of the tree. An e2cient
algorithm for .nding the median and hence the centroid is given in [1].
Remark 6. An orientation D of a tree T is such that K	(D) = K	max(T ) if and only if
D is an orientation of T that maximizes the number of pairs of vertices u; v for which
there exists either a directed u–v path or a directed v–u path in D.
If D is a digraph, then the reversal of D is the digraph D′ obtained from D by
reversing every arc of D. Note that if there is a directed u–v path in D, then there is
a directed v–u path in D′. So the number of pairs of vertices u; v in D for which there
is either a u–v path or a v–u path is the same in both D and D′. If there is either
a directed u–v path or directed v–u path in D, we say that u and v are unilaterally
connected.
Theorem 7. Let T be a tree of order at least 3 and let v be a centroid vertex. If D
is an orientation of T such that K	max(T )= K	(D), then D is a balanced one-directional
orientation of T at v.
Proof. Since T has order at least 3, degGv¿ 2. We show .rst that v has both positive
in-degree and positive out-degree in D. If this is not the case, then, by taking the
reversal of one of the branches of T at v, we obtain an orientation of T whose total
connectivity and hence average connectivity is larger than that of D, which is not
possible.
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Let u1; u2; : : : ; u‘ be the vertices adjacent to v in D and let v1; v2; : : : ; vr be the ver-
tices adjacent from v in D. Then ‘¿ 1 and r¿ 1. Let UL, UR be a partition of the
components of T − v that contain {u1; u2; : : : ; u‘} and {v1; v2; : : : ; vr}, respectively. Let
x denote the number of vertices in UR that are reachable from v in D and let y denote
the number of vertices in UL from which v is reachable. We now show that D is a
one-directional orientation of T at v with respect to the ordered partition (UL; UR) of
the branches of T at v. We assume that x¿y. (The case where x¡y can be handled
in a similar manner.)
We begin by showing that if w is in UL, then v is reachable from w. Suppose this
is not the case. Let w be a vertex in UL for which there is no directed w–v path in
D. Choose w in such a way that dT (v; w) is as small as possible. Clearly w = ui
for 16 i6 ‘. Let u be the vertex that precedes w on the v–w path in T . By our
choice of w, the edge uw has been given the direction (u; w). Moreover, D contains
a directed u–v path. Let a denote the number of vertices diOerent from u in T from
which u is reachable in D and let b denote the number of vertices diOerent from u
in the branch at u containing w that are reachable from u in D. Then b¿ 1 since
there is a directed u–w path. If we now reverse the arcs in the branch at u containing
w, the total connectivity of the resulting digraph changes by at least b(x + 1) − ab.
As K	(D) = K	max(T ), it follows that b(x + 1)6 ab and thus that x¡a. Since a6y
it follows that x¡y, contrary to our assumption that x¿y. So v is reachable from
every vertex in UL.
We now show that every vertex in UR is reachable from v. Suppose that there is
some vertex w in UR for which there is no directed v–w path. Choose w in such a way
that dT (v; w) is as small as possible. Let u be the vertex that precedes w on a v–w
path in T . Then, by our choice of w, there is a directed v–u path in D and (w; u) is an
arc of D. Let a denote the number of vertices diOerent from u in the branch of T at u
containing w from which u is reachable in D, and let b denote the number of vertices
diOerent from u in T that are reachable from u in D. Note that a¿ 0 as there is a
directed w–u path in D. By taking the reversal of the branch of T at u that contains
w we obtain an orientation of T whose total connectivity has changed from that of D
by at least (y+ 1)a− ab. Since K	(D) = K	max(T ) it follows that (y+ 1)a6 ab. Hence
y¡b. So the component Tw of T −v that contains w has at least b+2 vertices. If this
is the only tree in UR, then v is not a centroid vertex of T. However, if UR contains
at least two components of T − v, then the reversal of the arcs in a branch of T at v
that does not contain w increases the total connectivity from that of D by a positive
amount. This is not possible as K	(D) = K	max(T ). Consequently, we may assume that
every vertex in UR is reachable from v in D. So D is a one-directional orientation of
T at v.
It remains to be shown that D is a balanced one-directional orientation at v. To
see this, observe that the number of pairs of vertices u; w that belong to the same
branch of T at v and that are connected by a directed u–w path or w–u path in any
one-directional orientation of T at v is the same. The digraph D is thus a one-directional
orientation of T at v that maximizes the number of pairs u; w of vertices from dis-
tinct components of T − v for which u is reachable from w or w is reachable
from u.
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Suppose (U1; U2) is an ordered partition of the components of T − v. Suppose U1
has y vertices. Then U2 has p− y− 1 vertices. Hence in a one-directional orientation
of T with respect to the ordered partition (U1; U2) there are y(p − 1 − y) pairs of
vertices u; w from distinct components of T − v such that u is reachable from w or w
is reachable from u. This quantity is maximized when the diOerence between y and
p− y− 1 is as small as possible or equivalently if (U1; U2) is a balanced partition of
T at v. Therefore, (UL; UR) must be a balanced partition of T at v. This completes the
proof.
The problem of .nding K	max(T ) for a given tree T therefore reduces to the problem
of .nding the average connectivity of a balanced one-directional orientation of T at
a centroid vertex v of T . Finding a centroid vertex of a tree can be accomplished in
polynomial time. Once this is done, the components of T − v and their orders can also
be found e2ciently. The number of pairs u; w of vertices, from any branch of T at v,
that are connected by a directed path in a one-directional orientation of T at v can be
determined in polynomial time by rooting such a branch at v and then counting all the
pairs of vertices that are connected by a directed path. The number of pairs of vertices
u; w, from distinct components of T − v, that are connected by a directed path in a
one-directional orientation of T at v, with respect to an ordered partition (UL; UR) of
the components of T−v, equals p(UL) ·p(UR). So .nding the largest total connectivity
and hence largest average connectivity among all orientations of T depends on .nding
a balanced partition of the components of T − v.
Suppose s1; s2; : : : ; sk are the orders of the components of T −v where v is a centroid
vertex. Then
∑k
i=1 si = p − 1. The problem of .nding a balanced partition of the
components of T − v reduces to .nding a subset U1 of U = {1; 2; : : : ; k} such that
|∑i∈U1 si−∑i∈U−U1 si| is as small as possible. This last problem is NP-hard as can be
seen from the corresponding decision problem and a transformation from PARTITION
[6, p. 223]. However, this problem can be solved in pseudo polynomial time by repeated
application of the dynamic programming approach described in [6, pp. 90–91]. The
complexity of this algorithm is O(kp2) and is thus polynomial in the input size of the
tree.
4. Bounds for trees
In this section we develop sharp upper and lower bounds for K	max(T ) for a given
tree T .
Theorem 8. If D is an orientation of a tree T of order p, then
1
p
6 K	(D)6
1
2
:
The upper bound is attained if and only if D is a directed path and the lower bound
is attained if and only if D has no directed path of length 2.
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Proof. Let u and v be two vertices of D. Since there is a unique u–v path in T ,
	D(u; v)+	D(v; u)6 1. This is true for all pairs of vertices of D, and so K(D)6
(p
2
)
.
Thus, K	(D)6 12 . Suppose K	(D)=
1
2 . Then 	D(u; v)+ 	D(v; u)= 1 for every pair u; v of
vertices in D. Suppose that T contains a vertex v of degree at least 3. Let w; x and y
be three neighbors of v. Since 	(w; x) + 	(x; w) = 1, we may assume that (w; v) and
(v; x) are arcs in D. Then, (v; y) must be an arc of D, since 	(w; y)+	(y; w)=1. But
then there is no x–y path or y–x path in D, and so 	(x; y)+	(x; y)=0, a contradiction.
Hence, T has maximum degree 2, that is, T is a path. If D is not a directed path, then
there are two vertices u and v of D for which there is neither a directed u–v path nor
a directed v–u path. So 	D(u; v) + 	D(v; u) = 0, a contradiction. Thus D is a directed
path.
It is not di2cult to see that the average connectivity of a directed path is 12 . The
lower bound and its sharpness follow from Lemma 1.
Corollary 9. For every nontrivial tree T , K	max(T )6 12 with equality if and only if T
is a path.
Next we establish a sharp lower bound on K	max(T ).
Lemma 10. If T is a tree of order s + 1 for s¿ 2, and v is a centroid vertex of T ,
then the excess of v satis=es ex(v)6 s=3. Furthermore, if ex(v) = s=3, then v is the
only centroid vertex of T , has degree 3 and each component of T − v has order s=3.
Proof. Let v be a centroid vertex of T and let (UL; UR) be a balanced partition of the
components of T − v. Let k =∑Ti∈UL |V (Ti)|. We may assume that k¿ s=2, and so
ex(v) = k − (s − k) = 2k − s. We show that k6 2s=3. Suppose, to the contrary, that
k ¿ 2s=3. If UL consists of only one component, then ex(u)¡ ex(v) where u is the
vertex in UL that is adjacent with v. This contradicts our choice of v. Hence, UL consists
of at least two components of T − v. Let T1 denote a component in UL of smallest
order, say k1. Then, k16 k=2. We now consider the partition (UL − {T1}; UR ∪ {T1})
of the components of T − v. If k − k1¿ (s− k) + k1, then∣∣∣∣∣∣
∑
Ti∈UL−{T1}
|V (Ti)| −
∑
Ti∈UR∪{T1}
|V (Ti)|
∣∣∣∣∣∣= 2k − s− 2k1¡ 2k − s;
which contradicts the fact that (UL; UR) is a balanced partition of the components of
T − v. Hence, k − k1¡ (s− k) + k1. Thus,∣∣∣∣∣∣
∑
Ti∈UL−{T1}
|V (Ti)| −
∑
Ti∈UR∪{T1}
|V (Ti)|
∣∣∣∣∣∣= s− 2k + 2k1:
By our choice of (UL; UR), 2k − s6 s − 2k + 2k1. Thus 4k − 2s6 2k16 k and so
k6 2s=3, a contradiction. Hence, s=26 k6 2s=3. Consequently, ex(v) = 2k − s6 s=3.
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Suppose next that ex(v) = s=3. Then, k = 2s=3. As observed earlier, UL consists of
at least two components of T − v. Once again we consider a component T1 in UL
of smallest order, k1 say. If k1¡s=3, then, by considering the partition (UL − {T1};
UR ∪ {T1}) of the components of T − v, we obtain a contradiction to the fact that
(UL; UR) is a balanced partition of the components of T − v. Hence, UL consists of
exactly two components of T − v each having order s=3. This in turn implies that UR
consists of a unique component of T − v and this component has order s=3. Clearly,
the vertex v is the unique centroid vertex of T .
We now establish a lower bound for K	max(T ).
Theorem 11. For every tree T of order p¿ 3,
K	max(T )¿
2p2 + 14p− 43
9p(p− 1) ;
and this bound is sharp.
Proof. Let p=s+1¿ 2. Let v be a centroid of T and let (UL; UR) be a balanced parti-
tion of the components of T−v. Let k=∑Ti∈UL |V (Ti)|. We may assume that k¿ s=2.
Then, it follows from Lemma 10, that k6 2s=3. Let T ′ be a balanced one-directional
orientation of T with respect to (UL; UR). Then,
K(T ′)¿ k(s− k) + 2s− degT v:
The quadratic function of k on the right hand side of the above inequality decreases
as k varies from s=2 to 2s=3 and achieves its minimum value when k=2s=3. However,
if k = 2s=3, then ex(v) = s=3, and so, by Lemma 10, degT v= 3. Hence, it follows that
K(T ′)¿ 2s2=9 + 2s− 3:
Thus,
K	(T ′)¿
2s2 + 18s− 27
9(s+ 1)s
=
2p2 + 14p− 43
9p(p− 1) :
To show that this bound is sharp let s=3t for some t¿ 3 and de.ne S(t) to be the
tree obtained by identifying exactly one end vertex from each of three stars isomorphic
to K1; t . Then it follows, from Theorem 7, that
K	max(S(t)) =
2t2=9 + 2t − 3
(3t + 1)3t
=
2p2 + 14p− 43
9p(p− 1) :
This completes the proof of the theorem.
An immediate consequence of Corollary 9 and Theorem 11 now follows.
Corollary 12. For every tree T of order at least 3,
2
9
¡ K	max(T )6
1
2
:
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5. Closing remarks
There is, of course, the arc analogue of the average connectivity of a digraph. For a
digraph D = (V; E) of order p and vertices u and v of D, the arc-connectivity .(u; v)
from u to v is the maximum number of arc-disjoint directed u–v paths in D. The
arc-connectivity of u is de.ned by .(u)=
∑
v∈V .(u; v), and the total arc-connectivity
of D is de.ned by /(D)=
∑
u∈V .(u). The average arc-connectivity K.(D) of D is the
average arc-connectivity over all ordered pairs (u; v) of vertices of D, that is,
K.(D) =
/(D)
p(p− 1) :
All the results for K	(D) obtained in the paper also hold for K.(D). Moreover, if we
de.ne K.max(G) analogously to K	max(G), then all the results of this paper obtained for
K	max(T ) hold for K.max(T ) where T is a tree.
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